A new class of isoperimetric inequalities is described and illustrated.
It is the purpose of this paper to report on a new type of inequality that may be regarded as a generalization of the "isoperimetric" type of inequalities (1) long known in geometry and physics. The classical isoperimetric inequality (which was known to the ancient Greeks) states that of all curves with a given perimeter, the circle has the largest area. To this (and other) purely geometrical "isoperimetric" inequalities, some of a more physical nature have been added in the last century. For example, Lord Rayleigh conjectured (in 1877) that of all membranes with a given area and fixed boundary, the circular one has the minimum lowest natural frequency. This conjecture was not fully proved for about 50 years, when it was finally established by Faber. and Krahn. Again, Poincar6 (in 1903) stated (and gave a partial proof of the conjecture) that of all solids with a given volume the sphere has the minimum electrostatic capacity. (The full proof is due to G. Szeg6, in 1930.) Other results of this type may be found in the book of Polya and Szeg6 just cited.
In the present state of the subject such inequalities are generalized by use of the concept of "Steiner symmetrization" of a domain (invented by J. Steiner in 1836). This is a process that increases the symmetry of any domain. For example, in the plane the process leaves the area of the domain unchanged, but does not increase the length of the boundary of the domain. It can also be shown (P6lya and Szeg6, ref. 1) that Steiner symmetrization never increases the lowest natural frequency of a membrane or the electrostatic capacity of a solid. In the work to be described here, we shall be concerned with a still greater generalization of these ideas. The first such generalization is that instead of just one characteristic value of a certain differential operator (the lowest natural frequency, say), the entire Greens' function is involved. The second is that the inequalities involve the Steiner symmetrization of a function rather than a domain. (The domain type of result comes when the function in question is specialized to be a certain characteristic function of the domain.)
As an example of what is involved, let us consider a twodimensional case (though the results are true in an arbitrary number of dimensions). Let H represent the differential opera- (Physically such operators appear in quantum mechanics when a particle of unit mass interacts with a potential so, or when we study diffusion in the presence of absorbers.) If so becomes infinite at infinity (which we shall assume), H will have a discrete spectrum, [2] Ht,(x,y) = Ej ,Vj(x,y)(ej real).
We may take the V/j real and normalized to unity ff[;0 t2dxdy = 1.
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Now consider the Greens' function for this problem, that is, the solution G,(xy x',y'), for t > 0, of the equation
a is the Dirac 6-function. As is well known, G, may be written [6] Gl(x,y x',y') = E e-'i l,(x,y)Xtj(xz',y'). Setting x = x', y = y' and integrating over the whole plane we obtain the "partition function" Z(t)
_ ' ix [7] Now consider another problem in which the function Vo(x,y) is replaced by the "Steiner symmetrized" function ; ko(xy) Proc. Nat. Acad. Sci. USA 70 (1973) Consider the simple case where a = i = 1, rI(x -x, yy') = 6(x -x')5(y -y'). Then Eq. [8] [15]
Since under Steiner symmetrization Q is not changed, Eq.
[9] becomes L(D) > L(Dz [16] which is just Steiner's generalization of the classical isoperimetric inequality.
Another application of Eq.
[8] is the following: Integrate over t from t infinitesimally positive to infinity. Define ox 9(xylx',y') = Gt(x,ylx',y')dt.
[17]
Then Eq. ;dxdydx'dy'. [18] which is a result first proved by P6lya in 1948.
We shall not give the proof of Eq.
[8] here, but only mention what is involved. There are essentially two steps. The first is to write the Greens' function as a Wiener integral (4). The inequality [9 ] then follows almost immediately by making use of the following lemma. Let HO') (x), F(J) (x) be real valued non-negative functions of x that go to zero as lxi approaches infinity sufficiently rapidly so that the following integrals exist. 
